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Abstract—This paper proposes a quasi-analytical methodology 

for validating numerical algorithms coupling electromagnetics 
with heat transfer and fluid flow phenomena. With the increasing 
interest in Multiphysics modelling in e.g.  application of 
microwave power to biomedical research, it is crucial to prove 
accuracy of the coupled algorithms as they popularly serve as 
virtual prototyping tools in the recent research works. For that 
purpose a conformal mapping technique combined with Fourier 
series expansion is proposed and compared with coupled FDTD 
computation for two benchmark models involving microwave 
heating and fluid flow phenomena.  

Keywords—electromagnetic modelling, microwave modelling,  
microwave heating, fluid flow, analytical solution, conformal 
mapping, FDTD. 

I. INTRODUCTION 

Electromagnetic (EM) modelling has a well-established 
position of a virtual prototyping tool, proven and validated by 
the decades of research [1-2] and practical, also industrial, 
applications. Continuously growing interest in application of 
microwave power to different science domains raised a 
necessity of analyzing and solving Multiphysics problems. This 
catalyzed a rapid development of academic [3] and commercial 
modelling software [4-5] providing a coupling between 
different physical phenomena. An application of microwave 
energy to medical treatment [6] and other biomedical research 
directions caused an increased need for microwave heating 
analysis further coupled to heat transfer and fluid flow 
equations [4-5]. As the Multiphysics modelling gains the same 
role for interdisciplinary research as electromagnetic modelling 
for microwave engineers, it becomes essential that the 
numerical analysis delivered by academic and commercial 
solvers [4-5] is rigorously validated. In papers oriented towards 
practical applications of coupled EM-CFD solvers [7-8], 
validation is restricted to qualitatively showing that with the 
changing simulation parameters, the numerical solution 
changes in accordance with the basic physical intuition. Such 
an approach, while being a valuable first step, lacks the 
mathematic rigour of the methodologies well developed for 
pure EM solvers [1],[9], where the numerical errors are 
quantitatively determined with respect to the physical solutions 
such as plane waves or eigenmodes in the continuum. To extend 
the mathematical accuracy studies to coupled EM-CFD solvers, 
reference coupled scenarios in the continuum need to be 
defined and solved, which is a challenging task being the 
purpose of this paper.   

The transformation of coordinates techniques are known for 
decades [10]. Recent research proves them to be increasingly 
popular and also known as transformation optics in application 
to metamaterial modelling and FEM-based electromagnetic 
modelling [11]. 

In this work, we first propose a canonical coupled EM-CFD 
benchmark in rectangular coordinates, and then apply the 
transformation of coordinates to reduce a non-canonical 
Multiphysics scenario combining EM, heat transfer and fluid 
flow to a canonical model, which can be solved by Fourier 
series expansion. Thereby, a reference (quasi)-analytical model 
for the verification of coupled numerical solution is rigorously 
derived. Application to 2D coupled EM-CFD problems is 
provided to corroborate both, a recently implemented FD-TD 
coupled solver [4], and our benchmarking methodology.  

II. ANALYTICAL BENCHMARK -  RECTANGULAR MODEL 

In this section we study the time evolution of temperature 
on a canonical example consisting of rectangular geometry with 
homogeneous boundary conditions on each wall, either 
Dirichlet (constant temperature), or Neumann (zero normal 
derivative of temperature). 

 
A. Governing Equations 

The time evolution of the temperature ݑ = ,ݔ)ݑ	 ,ݕ  (⁰C) (ݐ
in any two-dimensional system with incompressible fluid can 
be described with the following equations [12-13]: ߲ݐ߲ݑ = ,ݔ)Ԧݒ− (ݕ ∙ ݑଶ∇݇ + ݑ∇ + ,ݔ)݂ 	(ݕ ,ݔ)݂ (1) (ݕ = 	 1ܿ௣ߩ ∙ ቆܧ|ߪ|ଶ2 + Φቇߟ	 (2) 

Φ =	ቆ߲ݒ௬߲ݔ + ݕ௫߲ݒ߲ ቇଶ + 2 ൬߲ݒ௫߲ݔ ൰ଶ + 2ቆ߲ݒ௬߲ݕ ቇଶ (3) 
where ݒԦ = ,௫ݒൣ ݇ ,௬൧ (m/s) stands for fluid velocity distributionݒ = 	 ఑௖೛ఘ (m2/s) is the normalized thermal conductivity (where: ߢ  – thermal conductivity (W/(m·⁰C)), ܿ௣  – specific heat 
capacity under constant pressure (J/(kg·⁰C)), ߩ  – density 
(kg/m3)), ߪ – electrical conductivity (S/m), |ܧ| – electric field 
amplitude (V/m), ߟ  – dynamic viscosity (Pa·s). Function ݂(ݔ, (ݕ  describes temperature increase resulting from EM 
heating and internal viscous dissipation, and can have arbitrary 
spatial distribution, while the thermal conductivity ߢ has to be 
uniform over the entire domain. The distribution of fluid 
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velocity ݒԦ = ,௫ݒൣ	  ௬൧ has to be known a-priori and is solvedݒ
for with the use of equations [12-13]: ݒ)ߩԦ ∙ Ԧݒ(∇ − Ԧݒଶ∇ߟ = ݌∇− + Ԧ݂,								∇ ∙ Ԧݒ = 0 (4) 
 
which correspond to the linear momentum and mass 
conservation. In (4), ݌ (Pa) stands for the pressure distribution 

(which is also determined from (4)) and Ԧ݂ represents external 
forces per unit volume (N/m3). For convenience, another 
equations can be derived from (4), e.g. one can write a Poisson 
equation to determine the pressure [13]: ∇ଶ݌ = ∇ ∙ ൫ Ԧ݂ − Ԧݒ)ߩ ∙ .Ԧ൯ݒ(∇ (5) 
 
B. Geometry and Fluid Velocity Distribution 

Fig. 1a presents geometry of the considered rectangular 
domain ܦ௫௬ = 	 (0, ܺ) ൈ (0, ܻ)  together with the applied 
boundary conditions. The temperature assigned at the left side 
of the rectangle is equal to 0⁰C and represents the temperature 
of the fluid inflowing from left to right. The distribution of fluid 
velocity, while assuming its zero value at the edges of the 
channel (for ݕ = 0 and ݕ = ݃), has only x component, which is 
described by the equation: ݒ௫(ݕ) = ܺߟ2݌∆ ∙ ൬ቀ2݃ቁଶ − ቀݕ − 2݃ቁଶ൰ , ݕ ∈ (0, ݃) (6) 
 
and ݒ௬ ≡ 0. In (6), ∆݌ (Pa) stands for the pressure difference, 
which is applied at the left side of the rectangle and forces the 
fluid flow. The velocity distribution is stationary. 

 
Fig. 1. Schemes of the considered benchmark models: (a) model with 
homogenous boundary conditions (parameters: X = 100 mm, Y = 10 mm = g), 
(b) model with inhomogeneous boundary condition on one wall (parameters: 
X = Y = 50 mm and g = 10 mm). 

C. Fourier Series Solution 
In order to solve (1) for u, we write the function ݑ  as a 

trigonometrical Fourier series:  ݔ)ݑ, ,ݕ (ݐ = ෍ ఓܶ(ݐ) ∙ఓୀ൫௡,	௠൯ ܴఓ(ݔ, (ݕ (7) ܴఓ(ݔ, (ݕ = sin ൬݊ + 12൰ ݔܺߨ ∙ cosܻ݉ݕߨ (8) 
where n, m are non-negative integers (݊,݉ ൒ 0) and we define 
a numerator ߤ = ൫݊, 	݉൯.  The functions ܴఓ(ݔ, (ݕ  form an 
orthogonal basis and keep the desired boundary conditions. One 
can now write power dissipation function ݂(ݔ, (ݕ  and 
components ݒ௫, ௬ݒ  of the fluid velocity as appropriate series of 
multiplied sine and cosine functions, which, by using 
trigonometric identities, enables transformation of the entire 
right-hand side of (1) to a Fourier series over functions ܴఓ(ݔ,  .(ݕ
As a result, the following matrix equation is obtained: ௗௗ௧ ࢀ = ෡࡯ ∙ ࢀ + ࢌ (9)

where (ݐ)ࢀ = ൣ ఓܶ(ݐ)൧, ࢌ = ൣ ఓ݂൧  stand for column vectors of ఓܶ(ݐ)  and ఓ݂  coefficients, and ࡯෡ = ሾܿఓఓᇲሿ  is a matrix. The 
coefficients ఓ݂ and ܿఓఓᇲ are defined as: 
 

ఓ݂ = 	 ௠ܻܺߜ4 ඵ݂(ݔ, (ݕ ∙ ܴఓ(ݔ, ஽ೣ೤ݕ݀ݔ݀(ݕ (10) 
ܿఓఓᇲ = 		 ൬݊ᇱ + 12൰ ߨܺ ∙ ఓܸఓᇲ(௫) + ݉ᇱܻߨ ∙ ఓܸఓᇲ(௬) − ఓఓᇲܭ (11) 

ఓఓᇲܭ = ۔ۖەۖ
݇ۓ ∙ ൮ቀ݊ + 12ቁଶ ଶܺଶߨ + ݉ଶߨଶܻଶ ൲ ,			if		ߤ = 		′ߤ

0, 			if		ߤ ് ′ߤ (12) 
ఓܸఓᇲ(క) = ݒ ௡ᇲି௡௠ା௠ᇲ(క) − ௡ା௡ᇲାଵ௠ା௠ᇲ(క)ݒ + ݒ ௡ᇲି௡௠ᇲି௠(క) − ௡ା௡ᇲାଵ௠ᇲି௠(క)ݒ ௡ᇱᇱ௠ᇱᇱ(௫)ݒ (13) = ௠ᇱᇱܻܺߜ ඵݒ௫(ݔ, (ݕ ∙ sin ݊ᇱᇱܺݔߨ ∙ cos݉ᇱᇱܻݕߨ ஽ೣ೤ݕ݀ݔ݀ (14) 

௡ᇱᇱ௠ᇱᇱ(௬)ݒ = ௡ᇱᇱܻܺߜ ඵݒ௬(ݔ, (ݕ ∙ cos ݊ᇱᇱܺݔߨ ∙ sin݉ᇱᇱܻݕߨ ஽ೣ೤ݕ݀ݔ݀ (15) 
where additionally	ߦ denotes the coordinate direction: ݔ or ݕ, 
and ߜ௡ is defined as: ߜ௡ = ൝12 ,			if	݊ = 01,			if	݊ ് 0 (16) 
 
Note that integers ݊′′ , ݉′′  in (14)-(15) can be negative, as 
contrasted with ݊, ݉,	݊′, ݉′ in (7)-(13) which are non-negative. 
The solution of the matrix equation (9) is found as: (ݐ)ࢀ = exp(࡯෡ݐ) ∙ ૙ࢀ) + (ࢌ෡ିଵ࡯ − 	ࢌ෡ିଵ࡯ (17) 
where exp(࡯෡ݐ)  is a matrix (defined in terms of Taylor 
expansion for exponent function), expressed as: exp(࡯෡ݐ) = ෡ࡺ ∙ exp(ࡰ෡ݐ) ∙ ෡ି૚ࡺ (18) 
where ࡺ෡  is a matrix constructed from column eigenvectors ࢉ௡ 
of ࡯෡  corresponding to eigenvalues ߣ௡,  and exp(ࡰ෡ݐ)  is 
a diagonal matrix of expressions exp(ߣ௡ݐ)  in the 
corresponding order. The column vector ࢀ૙ = ሾ ఓܶ଴ሿ is equal to 
the vector (ݐ)ࢀ  at ݐ = 0 , and for any initial temperature 
distribution ݔ)ݑ, ,ݕ 0)	the values ఓܶ଴ can be expressed as: 

ఓܶ଴ = 	 ௠ܻܺߜ4 ඵݔ)ݑ, ,ݕ 0) ∙ ܴఓ(ݔ, ஽ೣ೤.ݕ݀ݔ݀(ݕ (19) 
III. ANALYTICAL BENCHMARK – ARBITRARY GEOMETRY 

In this section, as a practical illustration, we 
consider rectangular geometry of Fig. 1b, with an 
inhomogeneous boundary condition defined on one wall. We 
study stationary temperature distribution only.  

In order to consider and solve this problem, we transform 
the domain ܦ௫௬ = 	 (0, ܺ) ൈ (0, ܻ) to a geometry with 
homogenous boundary conditions, like described in Section II, 
defined with new domain, ܦ௔௕ = 	 (0, (ܣ ൈ (0,  To achieve .(ܤ
this, we implement the conformal mapping from the initial 
rectangle to the upper half-plane, and back to a rectangle (Fig.2), 
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Fig. 2. Conformal transformations applied in this paper, as described in [14]: Z 
plane (initial rectangle), T plane (upper half-plane), W plane (final rectangle). 
Purple line indicates Dirichlet boundary condition and blue line – Neumann BC. 
 
following the coplanar waveguide example considered in [14]. 
The mapping has a form of: 
(ݖ)ݓ  = ݔ)ݓ + (ݕ݅ = ,ݔ)ܽ (ݕ + ,ݔ)ܾ݅ ,(ݕ (20) 
where ܽ(ݔ, ,ݔ)ܾ and (ݕ  .are coordinates of the new domain (ݕ
It can be used to convert (1) in its stationary form to: ൭ݒ෤௔ ߲߲ܽ + ෤௕ݒ ߲߲ܾ − ݇ ∙ ቆ ߲ଶ߲ܽଶ + ߲ଶ߲ܾଶቇ൱ ݑ = ሚ݂ (21) 
where ݇ is constant, ሚ݂ = ෤௔ݒ :and	ܬ/݂ = ܬ1 ൬ݒ௫ ݔ߲߲ܽ ௬ݒ+ ൰ݕ߲߲ܽ ෤௕ݒ			, = ܬ1 ൬ݒ௫ ݔ߲ܾ߲ ௬ݒ+ ൰ݕ߲ܾ߲ . (22) 
Function ܬ  in the above equations stands for the jacobian 
determinant of the transformation:ݔ)ܬ, (ݕ = 	 ቮడ௔డ௫ డ௔డ௬డ௕డ௫ డ௕డ௬ቮ = ቀడ௔డ௫ቁଶ + ቀడ௕డ௫ቁଶ = ቚௗ௪ௗ௭ ቚଶ , (23) 
which is positive (ܬ ൐ 0) in the interior of the domain.  

In order to solve (21) in the new domain ܦ௔௕ , we assume 
that the stationary solution in coordinates (ܽ, ܾ) has a form of 
Fourier series: ݑ(ܽ, ܾ) = ෍ ఓݑ ∙ఓୀ൫௡,	௠൯ sin ൬݊ + 12൰ ܣܽߨ ∙ cos݉ܤܾߨ (24) 
Coefficients ݑఓ from the above equation can be collected in a 
column vector ࢛ = 	 ሾݑఓሿ, which is equal to: ࢛ = ࢌ෡ିଵ࡯− (25) 
where the ࡯෡  matrix and ࢌ  vector are defined with equations 
formulated in Section II.C, provided that all ݔ, ,ݕ ܺ, ܻ variables 
and indexes are replaced with ܽ, ܾ, ,ܣ ܤ  respectively and the 
functions ݒ௫, ݒ௬, ݂ in integrals are replaced with ݒ෤௔, ݒ෤௕,	 ሚ݂. For 
convenience, double integrals can be calculated in (ݔ,  (ݕ
coordinates using the following relation: ඵ߮(ܽ, ܾ) ∙ ܾ݀ܽ݀஽ೌ್ = ඵ߮(ݔ, (ݕ ∙ ,ݔ)ܬ| |(ݕ ∙ ஽ೣ೤ݕ݀ݔ݀ (26) 
which additionally enables to eliminate jacobian determinant ݔ)ܬ, 	,෤௕ݒ ,෤௔ݒ from the integrals containing functions (ݕ ሚ݂.  

IV. SIMULATION DETAILS AND RESULTS 

A. Modelling Details 
In order to verify coupled electromagnetic - heat transfer - 

fluid flow algorithms implemented in commercial modelling 
tools, we perform the analysis of two benchmark models with 
the use of both, Fourier series expansion methodology (see 
Sections II and III) and coupled FD-TD simulations [4]. The 
benchmark models are defined in a following way: 

a) A rectangular model with homogenous boundary 
conditions (Dirichlet or Neumann) on each wall, as 
shown in Fig. 1a, for X = 100 mm and Y = 10 mm = g. 

b) A rectangular model with inhomogeneous boundary 
condition on the left-hand wall, as shown in Fig. 1b. 
The part of rectangle corresponding to ݕ ∈ (0, ݃) 
represents a channel with the fluid. In this case the 
geometry parameters are: X = Y = 50 mm, g = 10 mm. 

In all the models implemented in the FD-TD microwave 
simulation we used a parallel-plate systems with the TEM wave 
propagating perpendicularly to the sheet of dimensions X × Y 
and thickness of 2 mm. We used an equidistant mesh with cell 
size of 1 mm. 

The model assumes electrical conductivity of the slab of ߪ =  0.001 S/m and the frequency of 2.45 GHz, which 
corresponds to a penetration depth of 32 cm. This is much 
greater than the sheet thickness, thereby allows treating the field 
distribution along slab thickness as homogenous. The 
amplitude of the incident field was chosen so that the 
temperature growth rate fEM, related to Joule’s heating, was 
10⁰C/s and the heat was being dissipated uniformly over the 
entire volume. Moreover, with regard to the remaining 
parameters the following assumptions were made:  1 = ߢ W/(m·⁰C), ܿ௣  =  1 J/(kg·⁰C), 1000 = ߩ kg/m3, and a high 
value of viscosity ߟ   = 1 Pa·s was assigned, which enables 
obtaining stationary fluid flow in less than 0.1 s. The initial 
temperature was set to 0⁰C. 

B. Rectangular Model 

The quasi-analytical (Fourier series expansion) and coupled 
FD-TD results of the temperature profiles, resulting from 
constant Joule’s heating in the benchmark model as in Fig. 1a, 
are shown in Figs 3-5. The temperature is reported at six time 
instants, in the long-section ݔ ∈ 	(0, ܺ)  at ݕ	 = ܻ/2 . The 
computations were performed for three representative values of 
average fluid velocities (corresponding to 2/3 of the maximum 
value): 0, 1, and 10 cm/s. The quasi-analytical and coupled FD-
TD results are in very good agreement. The difference of the 
maximal reported temperature between the two sets of results, 
at each time instant and for each fluid velocity, does not exceed 
0.2⁰C. 

C. Arbitrary Geometry 

Figs 6-7 present quasi-analytical (Fourier series expansion) and 
coupled FD-TD results of the stationary temperature 
distribution, resulting from constant Joule’s heating for the 
benchmark geometry as in Fig. 1b. The computations were 
conducted for an average fluid velocities vAv in the fluid channel 
of 0 and 20 cm/s. The Fourier series expansion approach and 
coupled FD-TD simulation show consistent temperature 
distribution in the considered structure. A difference in the 
maximum temperature value of order of 0.4⁰C and 1.1⁰C for 
vAv equal 0 and 20 cm/s respectively has been observed. Further 
work is under way to determine, whether the discrepancies 
originate from the finite FD-TD discretization or finite number 
of Fourier expansion terms. 
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Fig. 3. Temperature profiles (quasi-analytical and coupled FD-TD [4]) in the 
long-section of the model of Fig. 1a, resulting from constant Joule’s heating, 
for six heating times, when there is no fluid flow. 

 
Fig. 4. Temperature profiles (quasi-analytical and coupled FD-TD [4])  in the 
long-section of the model of Fig. 1a, resulting from constant Joule’s heating, 
for six heating times, for the average fluid velocity of 1 cm/s. 

 
Fig. 5. Temperature profiles (quasi-analytical and coupled FD-TD [4]) in the 
long-section of the model of Fig. 1a, resulting from constant Joule’s heating, 
for six heating times, for the average fluid velocity of 10 cm/s.  

V. CONCLUSIONS 

This work proposes a methodology for rigorous validation 
of coupled electromagnetic – heat transfer – fluid flow 
modelling algorithms implemented in Multiphysics solvers. 
The methodology is first applied to a canonical benchmark in 
rectangular coordinates, and it uses coordinates transformation 
reducing non-canonical problems into canonical ones, which 
are analogously solved with Fourier series expansion. Two 
benchmark models are defined and the results of quasi-
analytical analysis proposed herein are compared with coupled 
FD-TD computations. The validation routine proven very good 
agreement between the obtained results.  

 
Fig. 6. Maps of the stationary temperature distribution (quasi-analytical and 
coupled FD-TD [4]) for the model in Fig. 1b for constant and uniform Joule’s 
heating and no fluid flow. 

 

Fig. 7. Maps of the stationary temperature distribution (quasi-analytical and 
coupled FD-TD [4]) for the model in Fig. 1b for constant and uniform Joule’s 
heating, for the average fluid velocity of 20 cm/s (black line and arrow indicate 
the fluid channel and direction of the flow). 
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